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CHAPTER I. INTRODUCTION

Economists are beginning to realize that they
have built a rather elaborate edifice on rather
insubstantial, narrow foundations.

Robert J. Heilbroner (1974)

The 1960's seemed to be the decade in which economics came
of age as a science. That period saw a long interval of sus-
tained, uninterrupted growth, widely attributed to the "New
Economics" in which government took an active role in influ-
encing the course of the economy. This success seemed to
result from the fact that economists had injected a certain
amount of exactness into their discipline. Forecasting models
could be built which would simulate the economy and predict
price movements, growth rates, and unemployment levels. Given
these predictions, the accepted theory seemed capable of
prescribing the correct remedies.

But the above scenario does not have a happy ending. By
the start of the 1970's, things had started to fall apart. The
forecasting models increasingly errored in calling economic
turns, and the policies that accepted theory said would work
seemed to have lost some of their effectiveness. By the mid-
1970's high unemployment and a substantial rate of inflation,
phenomena which were at one time deemed mutually exclusive,

were hopelessly intertwined. Increasingly, the accepted theory

came to be gquestioned.



The emphasis in economics in the 1960's (if not in the
entire post-World War II period) had been on macroeconomics--
economics of the large. The relevant variables here were the
level of employment, Gross National Product, and the price
level. But these aggregate variables were derived by summing
over individual units, so the aggregate theory was no better
than the theory explaining these individual economic units.

For example, Nobel laureate Kenneth Arrow has stated that "The
weakness of inflation theory goes right down to the micro level,
to the theory of price determination at the level of the
individual firm" (38, p. 59). Thus one has seen a renewed
interest in microeconomics.

Microeconomics—-economics of the small--stresses "the
study of the particular rather than the general . . ." (1,

p. 86). Of interest here is the behavior of individual
business firms, consuming units, and markets. Increasingly,
economists have come to realize that a viable microeconomic
theory is a prerequisite to understanding and explaining macro-
economic phenomena.

What is the state of microeconomic theory? Uhfortunately,
changes in micro-theory have not kept pace with changes in the
structure of the economic system. Adam Smith's invisible hand
(circa 1776), the Marshallian scissors of supply and demand

(circa 1890), and the marginal analysis of the 1930's seemed



incapable of explaining twentieth-century situations.1 One
writer, for example, noted that value theory (microeconomics)
failed "to give a realistic account of price formation in
modern industrialized economies" (17, p. 3), It has been noted
that the Depression of the 1930's led to "drastic modifications
in the orthodox theory of prices" (3%, p. 73). The feeling now
exists that perhaps once again micro-theory needs some of those
"drastic modifications."

The business firm is at the center of microeconomics. It
buys inputs in the factor markets or extracts them from their
natural state, transforms these inputs into products and
services, and sells these to final consumers or other firms.
The standard assumption is that the goal of the firm is to
maximize profits. In the growing economy of the 196€60's it was
at times true that companies "made money in spite of them-
selves" because of growing aggregate demand and relatively
cheap resources. But a time of slow (or nonexistent) eccromic
growth and high input costs requires firms to look carefully
at the myriad of decisions they make.

The popular literature of the mid-1970's cited numerous
examples of firms re-evaluating their product lines (see for

example, 39) and pricing policies (32). A relevant question

lMicro-theorists are not to be completely derided. One
observes important contributions in welfare economics and
general equilibrium analysis to cite several areas. See (33)
and (4) for some examples of this work.



is whether or not some model or criteria exists to explain
observed behavior or to which a firm can appeal for help in
choosing policies which will enhance the position of the firm.
The purpose of this work is a more comprehensive look at
the decision variables that are relevant to a business firm.
The typical modern firm is multiprocess and multiproduct. Most
literature that exists on the theory of the firm is concerned
with choice of technology and choice of output levels, along
with changes in these choices in response to factor price
changes. For the sake of relevance, a different approach is
regquired. The firm should be viewed as an offer maker; the
decision variables available to it being those which it can
manipulate to vary its offer. The firm must make these deci-
sions, cognizant of the fact that interdependencies exist in
production, in sales, and also between these two functions.
There exists in the economics literature fragments of
multiproduct firm theory. This literature is reviewed in
Chapter II. Chapter III presents a generalized model of a
firm that is representative of those in a modern industrialized
society. Chapter IV discusses how the model can be used by a
firm to increase profitability and also limitations of the

model.



CHAPTER II. THE STATE OF THE ART

The purpose of this chapter is to review various aspects
of existing efforts that purport to be theories of the business
firm and to point out some of their deficiencies. First of

all, let the following be taken as the definition of the

business firm (22, pp. 595-6):
The firm is a production and sales organization
controlled by a group or individual such that at
least one factor of production is allocated over
the whole organization by the control group or
individual.

In other words, there is at least one element of commonality

to all parts of the firm. One such element that comes to mind

. is the capital budgeting unit.

The firm we are interested in faces a downward sloping
demand curve for some or all of its products. Thus it is a
monopoly firm in the broad sense that it is the sole producer
of its own unique product.l It is reasonably easy to motivate
a downward sloping demand curve. Cne writer noted {26, p. 92):

If there are any differences in the product or
services offered which allow the seller to believe
that some of his buyers are attached or loyal to
him or prefer him for any reason to other sellers
of the 'same' (read: similar) goods, the seller
may have a choice of possible prices.

(parentheses in original)

1The interested reader is referred to (35, p. 5) for
further discussion of monopoly in this context.



That writer goes on to state that in order to get a tilted
demand curve, "It suffices that some customers have preferences
for certain products or certain sellers, and that these pref-
erences are of different intensities" (26, p. 95).

Another writer noted that the assumption of a downward
sloping demand curve could be justified because (35, p. 90):

. « « not all the customers, who are attached in
varying degrees to a particular firm by the
advantages which it offers them, will immediately
forsake it for a rival who offers similar goods
at an infinitesimally smaller price.

The development of the theory of the business firm dates
back to Riccardo and Malthus. Their firm was an English wheat
farm. Inputs were land, labor, and capital; the output was a
single, homogeneous commodity. The production function, or
the relationship between inputs and outputs, was viewed
broadly and intermediate processes and products were ignored.
This arrangement yielded such results as the Law of Diminishing
Returns and the associated U-shaped cost curves (12, pp. 1-3).

The above model evolved into a model of entrepreneurial
behavior and was used to explain entrepreneur decisions. It
is still commonly presented as a theory of a business firm in
intermediate microeconomic theory texts.l For a modern in-

dustrialized economy, however, such a model might not ask a

lot of important questions. The typical modern firm is

lSee for example (18), or (40).



multiprocess and multiproduct. Even if the simpler analysis
applies to each process, it can't be used for the firm as a
whole. Apparently these processes are related and it is
advantageous to the firm to engage in all of them, rather than
to have separate firms at each stage of the production cycle.
Also, to assume that a firm sells only one product is a fiction.
With many products, the sales of any one product potentially
affects the sales of all other products. Thus the multi-
product, multiprocess firm can not be analyzed by looking at
each product or process separately, but must be analyzed

in toto.

There are bits and pieces of such analysis existing in
the economic literature. Unfortunately, ali of these efforts
fall short of being a complete theory of the firm. Many of
them have concentrated on a firm which was a perfect competitor
(see for example 20, or 21). However, the interest here is a
firm with a downward sloping demand curve, thus ruling out the
perfect competifor.

By introducing the possibility of a downward sloping
demand curve, one makes several new decision variables
available to the firm. The firm facing such a demand curve
has some control over the price it charges--it is not a price
taker. Since the interest here is the decision variables
available to the firm, and also since relevance is a desirable

goal, we will consider price as one decision variable available



to the firm. Therefore, the firm can affect its volume of
sales by changing the prices it charges. But if the firm can
alter sales by dhanging price, it has two more devices at its
disposal to influence sales: the product itself and promoticn
of its products. Because of this, one must look not only at
the production side of the firm but also the selling side.

The bits and pieces of multiproduct firm literature fall
into a rough dichotomy--part analyze the sellinc effort put
forth by the firm and part analyze the production side of the
firm. With respect to the selling side, cognizance of the
phenomena of firms altering their product and promoting it is
a relatively recent event in economics, dating from the 1930's.
Prior to that time, emphasis was centered on two market struc-
tures--perfect competition and monopoly (that term being used
here in the more traditional sense of the firm being the sole
supplier of a product with no close substitutes). Selling
effort was not considered important in either of these. The
perfect competitor.soid a homogeneous product so that the prod-
uct variation route was not available to him. Also he had no
incentive to advertise or otherwise promote the product because
the output of all firms was identical and the individual firm
could sell all it wished to sell at the market price. The
monopolist had no incentive to improve his product or advertise

it because he had no competitors.



Chamberlin (8) was perhaps the earliest writer to formalize
the treatment of nonprice variables available to the firm. He
showed profit maximizing adjustment of advertising expenditures,
product improvement, and price. His analysis was for a single
product firm, however, and his handling of the production side
of the firm followed the simplistic approach of the Riccardo-
Malthus model. Chamberlin's approach also implicitly assumes
imperfect information. Sales promotion and advertising are
only profitable if the buyer is not perfectly informed. The
fact that the seller is imperfectly informed is reflected by
the introduction of the big D and little d demand curves--the
objective and the subjective demand curves, respectively.
Machlup (26) and Dorfman and Steiner (14) also addressed them-
selves to the problem of the optimal level of advertising and

preduct adjustment, but again restricted their research to that

D Lo

of a single product firm.

Selling efforts involving firms with more than one product
have been investigated by several authors. Clemens (9) noted
that "what the firm has to sell is not a product, or even a
line of products, but rather its capacity to produce" (9, p. 2).
The firm is viewed as facing different markets, each market

associated with a different product. The firm should expand

lSee (8, pp. 90-94) for a complete discussion.
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its product line into new markets as long as price exceeds
marginal cost. He cast his analysis in a form similar to the
Robinsonian price discrimination case. 'One problem with this
is that the same marginal cost curve was used for all the
products the firm produces. It is doubtful that all of the
products of a firm have similar cost structures.

Coase (10) and Bailey (5) also inquired into the pricing
policy of a firm selling several products. Coase noted that
if a firm sells several products, then either the costs of
production are interrelated, the demands are interrelated, or
both costs and demands are interrelated. Using a two product
firm, he worked through the effects of several shocks to the
firm (in the form of a tax and an autonomous shift in demand)
when these inferrelationships occur. The Bailey analysis
parallels the Coase approach to a great extent.

One problem with most of the foregoing works is that even
though they give lip service to price, product, and promotion
being the decision variables, much of the work is still carried
out in terms of quantity adjustments. This reflects the
lingering influence of the earlier emphasis on perfect competi-
tion. Since the perfect competitor was a price taker, his only

adjustment variable was gquantity.

lsee (35, pp. 179-202).
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The most sophisticated treatments of the selling side of
the firm are those by Scitovsky (37) for the single product
firm and Holdren (23) for the multiproduct firm. Taking
explicit account of the fact that the firm tries to manipulate
the position of the demand curve it faces, Holdren introduces
the term "sales function" (22, p. 100). This function has
qguantity as the dependent variable and price and nonprice
dimensions of the offer as the independent variables. A multi-
product firm selling n products then has n sales functions of

the following type:
ql = ql(pl' le e ey Pn7 all a2' oo o p am)

qz = qz(Pll Pzi ceey Pn7 all azr ceeyg am)
. . (2.1)

qn = qn(pl’ p2’ LA 4 pn; all a2] oo 0 7 am)

where each aj is some distinct nonprice way of varying the
seller's offer for the associated product, i.e., "any activity
of the seller which is perceptibly distinct to the buyer is
potentially a distinct aj" (22, p. 101). These sales functions
take specific account of interdependencies among products on
the demand side by including the prices of all products sold

in any one sales function.
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Associated with the production and selling activities is

the cost function of the firm:

C = C(ql, Aor weer dpi @37 8oy eeey am) (2.2)

Profit, or the excess of revenue over cost, is equal to
n
I = E P;9; - C (2.3a)

or equivalently,
I= P14y *+ Pydy te-.+ P Q- C(ql, dor sver 9yi 35s 2y ...,am)
(2.3b)

Recognizing the fact that price and other offer variation
items are the relevant decision variables, the first order
conditions for profit maximization require that all first

order partial derivatives be set equal to zero:

all

ap. = 0 i = 1,2,...,1'1 (2.4)
1

oIl .

_Ba. =0 j = l,z,.,.,m (2.5)

J
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Carrying out these operations, one obtains

n 9q.
_g-g—=ql+ z pi-.g—c_._a_];.=0
1 i=1} 93§ °P1
ﬂ-:q + Izlrp —.a_c.:._.?g.j;-_-o (2.6)
R

n 9q.
gg U 7 R gg apl =0
n i=1 i n

corresponding to 2.4 and also

3¢ 1% ac

n
= I |ps - - =0
aal '=l[ i aqi)aal aal

n 199
=1{ * 9j|°82 2

o1l

p. -—
aam i=l[ * qu

]
™

ac 1995 ¢ 0
Ja_  da
m

corresponding to Eguation 2.5.

To make economic sense out of these equations, it is
necessary to go back and look at the single product case worked

through by Scitovsky (37, pp. 247-264). Such a firm has only



14

one sales function:l
g = q(P) alr a2l ceey an) (2.8)
with the associated cost function

C = Clg, Bir 8ns seny an) (2.9)

Profit, I, is again eqgual to the difference between total

revenue, p<+q, and total cost
I =peg-Cla, a;, ays «ovr ) (2.10)

First order conditions for profit maximization require
that the first order partial derivatives of N with respect to

all of its arguments are set equal to zero.

aM_ o 23g - 3C 3q _

5 = o) D + g 3G 3p 0 (2.112a)

31 . _ 8g _ 8C 8gq_ _ 8C_ _ .

3a. P Ja, g da, a =0 (2.12a)
i i i i

Rearrangement of Equations 2.112 and 2.12a yields the

following expressions

lThe nonprice offer variables in the Scitovsky work are
numbered from one to n. That notation is followed here. This
is not to be confused with the n products of the Holdren firm.
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_sc _ __/aq |
_3C _ 3cC 3q
P 3g aai Bai (2.12b)

i=1,2,c..,n

The left-hand side of these equations is the difference
between price and marginal cost, where marginal cost here is
the change in cost associated with a change in output brought
about by a price change or an autonomous and exogenous shift
in the demand for the product. Scitovsky calls this difference
the profit margin. The right-hand side of these equations
represents what Scitovsky calls "variation cost." He defines
it as "The cost of improving the seller's offer sufficiently
to raise his sales by one unit . . ." (37, p. 248). Each
aspect of the seller's offer has an associated variation cost.
Equation 2.11b represents the price variation cost and the
Equations in 2.12b represent nonprice variation cost.

These equations express the profit maximizing conditions
for a single product firm. The firm should adjust various
aspects of its offer until the amount which a unit of the
product adds to profit, i.e., the profit margin, is equal to

the cost of selling that additional unit, i.e., the offer

variation cost.
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Returning to the initial Holdren equations, 2.6 ard 2.7,
upon putting them into the Scitovsky framework one obtains (by

taking the nth good as representative):
n-l sc %9
P; T 35 139
i

z
9g . 9g. | dp
Pn ~ gg = —q%//apn - = 3q . (2.13)
n n n

The left-hand side of 2.13 is the profit margin of the nth

commodity and the right-hand side can be interpreted as the
price offer variation cost in the multiproduct case. There
would be n eguations like 2.13.

With respect to nonprice offer variation cost, Equation

2.7 becomes (again using the nth product and the mth aspect of

the offer):
l}c _ ngl p. - aC aql_[
oC aam i=1 1 aqi Bam_J 2.14
Pn g og (2.14)
n n
aam

The left-hand side of 2.14 is again to be interpreted as the
profit margin of the nth product and the right-hand side as
the offer variation cost of the mth nonprice offer variation.
There would be me*n such equations: n products and m offer

variations for each product.
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A quick perusal of Eguations 2.13 and 2.14 shows some of
the complications that arise when we consider the multiproduct

firm. If the ith product in 2.13 is com?lementary with the

th 9q, 0q { e ] .
. i - ——— 1S

n ~ product, =— is negative, as is
3P, IP, 9q;

assumed positive so that the whole second term on the right-
hand side is negative. This has the effect of reducing the
optimal profit margin on the nth product. Alternatively, if

products i and n are substitutes, that second term is positive

th

and the cptimum profit margin on the n commodity is made

larger.

Similar interdependencies are apparent when one looks at
Equation 2.14. For example, if a nonprice offer variation
affects the sale of other products in a positive fashion,

this leads to more of its use because several commodities are

lSuch as promotion campaigns for a class of food products
or promotion of a name such as "At General Electric, progress
is our most important product."”
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underwriting its cost.l Neither the Scitovsky nor the Holdren

models represent a completely developed theory of the multi-
product firm. Both writers develop their models from a
generalized cost function, without working out joint production
relationships and intermediate processes. Also, both writers
concentrate on just the selling aspects cf the firm.

There have also been theoretical developments looking
exclusively at the production and cost side of the multiproduct
firm. The fact that the firm produces several products causes
some complications above and beyond those encountered in the
analysis of the single product firm. Fixed factors of produc-
tion, those which can not be changed in amount in the short
run, must be explicitly handled. With several products, the
possibility exists of transferring these factors among the
products, a possibility which doesn't exist in the single

product firm. Since each product may be competing for the use

lIt is assumed z S| T3 is positive, other-

n-l _ac ) 4
i=1 1 aqi m

wise an would not be used. In the equation

p -—

sc_ _ |sc _ BTt _ac )39 [, 3C
n aqn Py

s .2, e |5y |/ 75, 3a
is the cost of using additional amounts of the mth nonprice
offer variation. It is also assumed that this marginal cost is
positive and nondecreasing. Thus it can be made larger (more
of the mth dimension of the offer used) to offset the positive
second term so that the right-hand side still equals the profit

margin.
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these limited fixed factors, the multiproduct firm can not be
viewed as a collection of single product firms.

Central to the analysis of the single product firm is the
production function--a relation between output and inputs which
expresses the maximum product obtainable from those'inputs,
given a fixed plant and the existing state of technology.l
Thus by writing a production function, we assume that we have
solved the technical maximization problem--we combine inputs
in such a fashion that we obtain the most output. This is
acceptable for a single product firm, but for a multiproduct
firm what to produce and how much to produce are no longer
technical guestions but economi~ ones dealing with the alloca-
tion of the firm's resources.

Most studies of the cost and production problems of the
multiproduct firm have taken a programming approach, and in
particular a nonlinear programming route. Pfouts (30) was
perhaps the first to use this approach, introducing constraints
to the effect that the production of the several products could
not exceed the capacity of some fixed factors and also
including a cost of shifting fixed factors from one product to
another.

Letting Xjs Xgs eoer X denote the n different products,

Yij the amount of the jth variable factor used in producing

lFor a complete discussion of the production function,
see (7, pp. 14-15).
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the ith product and wj its associated price, and Z; 4 the amount

of the tth fixed factor used in producing the ith product,

Pfouts' formal problem was as follows:

Minimize

? § wjyij + K(zll’ ceey znp) + F (2.15)

subject to
Xi - fi (yil' e e oy yim; Zil’ “ e e Zip) = 0 (2.16)

i=1,2,...,n
and
n

iil Z, .~ Zr <0 (2.17)

r=1,2,...,p

In 2.15, K(z ooy an) reflects the cost of switching fixed

11’
factors, of which there are p. 5%57 is assumed positive and
13

represents the cost of switching a small amount of fixed factor
j to the production of product i. F in this equation represents
fixed costs. The problem is to minimize costs, 2.15, subject

to a given level of output, 2.16, and also subject to the con-
straint 2.17 that the firm doesn't use morz of a fixed factor

than is available, Zr' Pfouts then appeals to the Kuhn-Tucker

theorem to show the conditicns which must hold for a cost

minimum.
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Naylor (28) expands the Pfouts model, handling the problem
as one of profit maximization instead of cost minimization and
allowing a variety of market structures, whereas Pfouts
restricts his analysis to perfect competition in the factor
maxkets. Hence Naylor's problem is to maximize profit, the
excess of revenue over costs, where costs again include a cost
of switching fixed factors, subject to technical constraints
in the form of a production function and the availability of
fixed factors. Again the author appeals to the Kuhn-Tucker
theorem to establish necessary and sufficient conditions for a
profit maximization.

None of the approaches presented in this chapter represent
a complete or fully relevant theory of the firm. What follows
1s an attempt to present a model of the business firm which
will more closely approach those which opera‘e‘in a modern

industrial economy.
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CHAPTER III. A THEORETICAL FRAMEWORK FOR

ANALYZING A MULTIPRODUCT FIRM
Preliminary Comments

It was earlier stated that one goal of this work is to
take explicit account of decision variables that are relevant
to a business firm. Before a formal model is introduced, some
preliminary comments are in order.

Traditional (Neo-classical) analysis views the firm as a
mechanism that connects factor markets and the markets for
final products. The emphasis is on the flows of inputs and
outputs because these quantities reflect the impact of the
firm upon the markets in which it participates and also how the
firm affects resource allocation. One writer summed up this
approach by stating (24, p. 178):

The economizing problem facing the firm . . . is

that of deciding how much to produce and how much

of various inputs to use in producing this

output . . . .
Fixed factors of production are given only an embryonic treat-
ment in this traditional approach. Their return is often
viewed as a residual;l and if the firm is postulated as being

a single product firm, no question of allocating fixed factors

is raised.

lSee (12, ». 375) for a discussion of this point.
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For completeness and realism, it is necessary to go to a
mathematical programming approach. Such an approach is inward
looking, expressly concerned with resource allocation within
the firm. The rates of flows are still important in a pro-
gramming framework (in the form of activity levels) but in
addition the guantities of fixed factors are central to the
problem because they become data determining what the firm can
and cannot do (13, pp. 201-2). The programming approach can
also take full cognizance of interdependencies in both produc-
tion and sales which are difficult, if not impossible, to
predict in classical production theory.

Attention here is centered on the firm in a particular
short fun. This emphasis should not lead to myopia with
respect to the relevance of the model. It must be realized
that the firm is moving along a time path, and that ideally
the firm would try to maximize profits over some span of time.
What the firm is like during any given time period depends on
previous decisions. What it inherits in terms of capital
stock, work force, product mix, reputation, and other charac-
teristics are all results of past behavior. Given an awareness
of this, current decisions must be made in the context of what
has happened previously, appreciating the fact that current
decisions affect not only current profits but future profit-

ability as well.
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The short run--long run distinction is usually based upon
the fixity of factors.l The short run is characterized by the
fact that there is at least one fixed input: its availability
is unalterable in the time period under discussion. Thus in
the short run the firm is limited in its capabilities by the
properties of any fixed factors. An alternative basis (Alchian)
for the short run--long run distinction lies in the amount of
time that is allowed to elapse between when the production
decision is made and when the first output is available. This
approach has the advantage that costs of adjusting factors are
built into the production decision.

The expression "costs of production" will be taken to
mean (2, p. 23):

The change in (the decision maker's) equity

caused by the performance of some specified

operation, where, . . . the attendant change

in income is not included in the computation

of the change in equity.
The realization of profits during a period would thus mean an
increase in equity. Alternatively, a loss during a period
would mean a decline in the present value of the firm's assets.

The distinction between factors (fixed or variable) is

usually extended to costs. Fixed costs are those costs that

are independent of the level of output. These costs define

lThe short run--long run dichotomy is a convenient and
fruitful artifice. For an insightful discussion of this, see
(15).
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the scale of plant and do not vary in this short run. A
variable cost figure results from summing over the amounts
spent on variable factors of production. It is therefore
dependent on the level of output.

Most discussions of cost stop with the above bifurcation,
but a third type of cost exists which can be identified.
Holdren labeled this class of costs "discretionary fixed costs"
and stated that they are those costs "which are fixed with
respect to output variation, but are decision variablés within
the functional time period known as the short run" (23, p. 33).
These costs are akin to fixed costs because they do not vary
with the level of output, but they can be set at different
levels in the short run. An example cited by Holdren (whose
analysis centered on a retail store) was the level of main-
tenance, which is a function of the entrepreneur's whim and
not strictly dependent on the level of output.

It has been mentioned that what is frequently presented
as being the theory of production and cost for a firm is
actually relating to only one process within the firm. To
produce a given product typically regquires numerous processes,
and this number is compounded when the firm becomes multi-
product.

Suppose that a firm produces n products and that it were

possible to write production functions for each product. One
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would then have the following,expressions:1
ql = ql(yl' YZI ) Yr7 qzl q3: seey qn)

9, = qZ(yl, Yor ecctr Yoi 9y¢ CETARERY qn)
. . (3.1)

Q, = 9, (Y97 Yor eeer Yo7 dyr dpr eeer 9 q)

where Yir Yor +ees Y, are inputs. With a multiproduct firm,
the production of any one product may be completely independent
of the production of other products or it may be affected in a

positive or negative fashion. Hence

1 <
— s 0 . (3.2)

i=l' 2, ..o,n

j=l’ 2, o-o'n

Given these production functions, it is possible to obtain
a cost function:

C = C(ql, dor sves qn) (3.3)

lThis discussion of the behavior of cost and production
functions follows (23, pp. 234-251) closely.
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where the g's are implicitly functions of the y's.

Several expressions derived from this cost function are of

interest. The marginal cost of the ith product, MC, is given

by
Mc. = 2 (3.4)

i=1,2, ..., n

It is well to remember that marginal cost in this context is
the change in cost associated with a change in output brought
about by a price change or an autonomous and exogenous shift
in the demand for the product.

Another expression of interest is the change in the

marginal cost of the ith commodity as the production rate of

the jth commodity is wvaried:
aMCi _ azc
aq - aq.aq_ (3.5)
J j i
i=1,2, ..., n
3=1, 2, «cey n
i#3
aMCi
If 39 = 0, then we can say that these two commodities are
3
BMCi
unrelated in production.. If 3q > 0, they are competing with
J
one another in production, and if 39 < 0 we say that they are
J

complementary.
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Continuing in this vein a little further, more realism

can be injected.

Almost every firm or plant utilizes inter-

mediate processes whose outputs are not sold. They are

consumed by the enterprise and are necessary for the final

output.

q;

Q

.

A

The production functions for the various sold outputs

Let the following notation be introduced:

the amount of the i
i=1,

th product sold by the firm

2, eee, N

the vector of sold outputs

(qll qzr cvey qn)

an intermediate product

k=1,

2, .oo'S

the vector of intermediate products

(xl, Xor eeeys xs)

the vector of inputs

(Yll YZI LA 4 yr)

a nonprice offer variation

j=1,

2’ ...'m

the vector of nonprice offer variations

might then be written as follows:

qz (¥;

(3.6)
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These equations state that each g is a function of the Y-vector
of inputs, the levels of output of other products, the X-vector
of intermediate outputs, and the A;vector of nonprice offer
variations.

In addition to these equations, a set such as the follow-

ing would exist:

X =% Y; Q; Xy X3r eeeyr X3 A)

Xy = xz(Y; Q; X971 X3r eeey xs; A)

) ) (3.7)
Xg = Xg (Y Q5 Xy, X5, ooy X _q7 A)

These state that each x is a function of ¥, Q, A, and all
other intermediate products besides itself.

Finally, the following set of equations would appear:

al = al(Y; Q; X; azl a3l eeey & )
a, = a2(Y; Q; X: 8y7 @35 ce-y 2 )

(3.8)

a, = am(Y; Qi X; ays @ys -ees am_l)

These state that each individual as is the aj-function of the

vector of inputs, the vector of final outputs, the vector of

intermediate products, and all other nonprice offer variations.
Given the relationships that exist in 3.6, 3.7, and 3.8,

the total cost function of the f£irm becomes
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c =2c(Q, X, a) (3.9)

Hence total cost depends on the Q-vector of all sold outputs,
the X-vector of intermediate products, and the A-vector of non-
price offer variations.

In addition to the earlier marginal cost relationships,
several moxre can be derived from Equation 3.9. For example,

one could consider the effect of an intermediate process on the

cost of a final product:

BMCi 32C
= g (3.102a)
Bxk Bxkaqi

i=1, 2, eco, n

k=1, 2, ..., s

Depending on the sign of this expression, an intermediate
process may be competitive with (if 3.10 > 0), independent of
( = 0), or complementary with (< 0) the it final output. If
an intermediate process is used, it must on balance be
complementary, or it would not pay to use it.

An expression similar to 3.102 can be derived to show more

about the causality involved in a cost change. This expression

would be
3
MC -3¢ Tk (3.10b)
X d; 9% 3%y

k=1, 2, ..., s

i=l' 2’ ...,n
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This expression shows the change in cost attributable to a
change in an intermediate process, where the change in the
intermediate process 1is caused in turn by a change in some

sold output.

Another relationship that exists is the effect which a
nonprice offer variation can have on the marginal cost of a

final product:

i_.2C (3.11)

i=1, 2, e, n

=1, 2, ec., I

(W8
|

Once again the possibility of competition (> 0), independence
(= 0), or complementarity (< 0) exists.
As final point before setting up a formal model, there

is a different type of marginal cost concept:

_ oC
MCa_ = 337 (3.12)
J J

=1, 2, ..., m

This represents the change in cost caused by a change in the
level of the jth form of nonprice offer variation. This dif-
fers from the previous notion of marginal cost because earlier

a change in gquantity, q;, was causing the cost change. 3.12
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is the marginal cost associated with changing the offer in

the aj direction.
Theoretical Model of a Multiproduct Firm

Central to this discussion of the business firm is the
notion of a production process. Such a process is a technical
relationship between inputs and output. What 1s usually
referred to as the production function for a firm actually
describes a process. Any firm is a collection of processes,
and typically inputs go through many processes before a final
product emerges.

Consider the following definitions:

x = output of a process

The combining of variable inputs with the fixed
factors of production yields the x's.

These x's can be separated into several identifiable subsets.

XD = output of a process that is sold

g
n-—-lr 2) ---rN
The firm sells N products. Each xg represents a different type

of finished product.

xz = output of a process that is a nonprice offer variation
m=1, 2, ..., M
Some processes exist solely for the purpose of affecting demands
for final products. The xg's are the outputs of those

processes. These outputs aren't sold but do affect sales.
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x; = nonsold outputs other than intermediate products.

H s

w=1l, 2, ..., W
The outputs of some processes accrue to the entire firm and are
not necessarily used up in time period t. The levels of output
from these processes are not dependent on the profit maxi-
mizing levels of output of other processes. Examples include
investment activities and research and development activities.
x;i = output of the rth process that is used as an input
in the ith process. These outputs are nonsold like
the previous set, but they are allocable to time
period t because the levels at which they appear are
dictated by the levels of the xg's and xg's that
occur in that time period. There are R such
processes the produce these intermediate outputs.
Hence r =1, 2, ...; R.
These intermediate outputs can be used to produce
more intermediate products (of which there are R);
they can be used to produce the sold outputs (the
N final products); they can be used to produce the
nonprice offer variations variable in the short run
(of which there are M); or they can be used to pro-
duce those outputs that are nonallocable to time
t (of which there are W). Therefore, i can go from

l] to R+ N+ M+ W,
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output of an intermediate process.

»
I

This notaticn will be used when it is not of
importance where this output is being used.

Yg = @ fixed factor of production
s =1, 2, ..., S
These represent fixed factors in the traditional
sense. They delineate the limits of the firm and
the limits of any given process.

§k = a variable input
k=1, 2, ..., K
The utilization of these variable inputs depends on
the output levels of the processes.

Bringing some of the above definitions together, one

.obtains the X vector of outputs of processes:

H 2 R R+12 R+N RiEN+1 R+N+M+W
X=(x", X5, ece, X, x5, ce, x0T, x ; eee, X )

14
or, element by element

X =X
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R+N+1 1
X = X

R+N+M M
x =

xR.+N+M+l 1

R+N+M+W W
X = X

Figure 3.1 is a schematic diagram of a firm, tracing the
origins of the x's and their destinations. These x's, the out-
puts of the processes, result from combining variable inputs
with the fixed factors. They £fall into one of four categories:
1) some are finished products and are sold; 2) some are non-
price offer variations which affect the level of sales; 3) some
are used as inputs of other processes; 4) some remain in the
firm and are available for later utilization.

The Neoclassical assumption of profit maximization as the
goal of the firm will be maintained here. In other words, the
firm seeks to make the excess of revenues over costs as large
as possible. This maximization takes place over sold outputs
at time t. On the revenue side, the firm faces N sales

functions, one for each sold output:



The firm~-limits defined

by the fixed inputs--the

Variable inputs

§S's. This is a collec-

tion of processes.

n
X

q
The outputs of

some processes

are sold

l

Outputs of processes

i,
X S

§k's

W
X1

Outputs nonallocable

N

xm
a

The outputs of

sonme processes

affect sales

S—

Figure 3.1. Diagram of multiprocess firm

to time t

ri
X
Yy

The outputs of some

processes are used

in other processes.

9¢



37

1 1 1 2 M

xq = xq(Pl’ Pzr cesoy PN; Xap Xa, ce ey Xa)

x2 = x2( s xt, %2 =0

q - q Pll le e e o g PNI al a, oo o g a

: ° (3.13)
= xN(p b X, X2 0

q q ‘P1’ le seer Py7 X1 Xgr o eeer Xy

These equations state that the sales of any one commodity may
be affected by its own price, the price of any other commodity,
and any other aspects of the seller's offer. It is assumed

that

o
s
=}

-

(3.14)

%
'g
o}

n=1, 2, ..., N
i.e., the firm faces a downward sloping demand curve for each

of its products.l Also,

(3.15)

VIA
o

3.15 states that any two products may be complements (if < 0

holds), substitutes (> 0), or independent (= 0) in sales.

1. . . . . .

This assumption is made for the sake of simplicity. It
would be easy to introduce a set of constraints on some prices,
thus reducing the number of independent variables.
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Finally on the sales side

@
o’

X

2

<
> 0 (3.16)

3

X

v}

n=1, 2, ..., N

m=1l, 2, .., M
states that any change in a nonprice offer variation may affect
the sales of any one commodity in a positive manner, in an
adverse manner, or not at all.

Total revenue is given by the expression
n
Py Xq (3.17)

which is simply a weighted sum of quantities sold, the weights
of course being prices.

Several different types of costs must be considered to
arrive at a total cost figure. First of all, the firm incurs
fixed costs. These will be split into traditional fixed costs,
Fl, and discretionary fixed costs, FZ‘ As the firm produces
outputs, it also incurs variable costs by purchasing variable
inputs. Let the following expression be taken to represent the

amount spent on variable inputs, i.e., variable costs:l

lThis variable cost expression represents costs which
result from the maximizing of profit over sold outputs. For
completeness one could have a class of costs called discre-
ticnary variable costs. This is only menticned because it i
conceivable that some could exist.
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V.C. = V(F1s Tpr =ner Tg) (3.18a)

The expression §¥— stands for the cost of an additional unit

3
i

h variable input--the marginal acquisition cost of the

of the kt
factor. If the firm purchases input k in a perfectly competi-
tive market, then

Vv
Syk

= Vi (3.18b)

where Vi is the price of the variable input.

A final type of cost is incurred because of the multi-
process and multiproduct nature of the fimm. If becomes
necessary to be concerned with how the fixed factors are
utilized. The fixed factors can be switched from one use to
another, a situation which is not present in single process or
single product discussions of the firm, and typically this
switching is not costless as retooling and similar adjustments
must be made. This gives rise to a final type of cost--

switching costs:

Switching Costs = SW(§ll, §12, cees §1,R+N+M+W’ ceey

YS , ReN+MA) (3.19)

where
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>0 (3.20)

S=l, 2, oo oy S

i = l’ 2, e oy R+N+M+W

In this expression §si represents the amount of fixed factor s
allocated to the process whose output is xi. The derivative
in 3.20 represents the cost of this allocation.

A total cost figure is obtained by combining 3.18, 3.19,

and the fixed cost figures:
Total Cost = Fi + F2 + V(yk) + SW(ysi) (3.21)

Profit, 7w, is the excess of revenue over cost and can be

written as

T = gl 13 xg - [(Fl + Fy) + v(§k) + SW(§si)] (3.22)
It is assumed that the firm's goal is to maximize 3.22,.
The firm doesn't have unlimited freedom in doing so, however.
The limits of the firm are defined by the fixed factors. Thus
any production is limited by the amount of fixed factors
available. The utilization of any fixed factor is a function
of variable inputs used with that factof. This utilization
can not exceed the availability of the factor, §s" This gives

rise to a set of constraints such as the following:
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hl(ylll ler ¢ ooy le) f_ Yl

IA
<
N

h2(y21' Y22, ceey YZK)
. (3.23)

hs(y51. Ygor o7 ySK) < ¥g

th

where §sk represents the amount of the k= variable input

processed through the sth fixed factor. The h function
monitors how much §s has been claimed by the various processes
as variable inputs are used by the firm.

3.23 is written in a way that departs from the usual
treatment of fixed factors. Taking the Pfouts' article (30)
as representative, let I represent the quantity of the tth
fixed factor used in the production of the ith product. Zt
represents the total quantity of fixed factor t available. A

constraint on the firm with respect to its fixed factors would

then be written

where i indexes the processes which use the tth fixed factor.
By writing the constraints on the aﬁailability of the
fixed resources in the form embodied in 3.24, previous writers
have made several assumptions of which they might not have
been aware. First of all, summing assumes that the fixed
factors are completely assignable to the outputs. Related to

this is the fact that additivity assumes independence and
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exclusion in the use of fixed factors--what one process uses
is not available to be used in other processes.

However, some of the fixed factors might be like public
goods, and both of the above conditions would be violated in
such cases. Public goods are goods which have the character-
istic that ". . . each individual's consumption of such a good
leads to no subtraction from any other individual's consumption
of that good . . ." (36, p. 387). A common example is a
lighthouse, where one ship's use of the beacon in no way
diminishes the amount of light available for other ships. This
same situation probably holds true for some fixed factors.

They are equally available to all processes and the use of such
a fixed factor by one process neither diminishes the amount
available to other processes nor precludes its use by other
processes. This is not to be construed to mean that these
public good-type fixed factors don't impose constraints on the
firm. They are only available in finite amounts. It is the
assigning of these finite amounts that causes problems.

Writing 3.23 in its present form allows for these situations.

3.23 will represent the set of constraints imposed on the
firm when it attempts to maximize profit. There is also a set
of relationships which exist that relate the inputs of any
given process to its output. These are analogous to production
functions in the sense that their shapes are determined by the

fixed factors and the state of technology, and also because we
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will assume that we obtain the maximum yield from the inputs.

These are of the following form:

(A A ~ XZl X3l XRl) _ Xl
gl Yll Y2, ¢ o e Yk: Yl y' e o0y y = y
(A ~ A . X12 X32 sz) - X2
gz Yll Y21 cecey Yk: A S v <
2 2 ~ 1R 2R R-1,R R
gR (YI L4 Y2 7 o ey Yk 7 XY 7 Xy y e e ey Xy ’ ) = xy
A A ~ . l,R+l R,R+l _ l 3.25
Ire1 W1r Yor -eer ¥ii % roeeer X ) = xg ( )
G Co. LR LRoRHNy N
gR+N Yl' er LRI 4 _Yk: y 7 e ooy y q
G % 5 . GLsReN+L o R/RENHL, 1
gR+N+1 Yll Y2} oo o Ykl y r oo oy y a
5 S S J1,REN+M R,R+N+M, _ M
Ipen+m (Y17 Yo7 woor Yyi Xy v Xy ) =%y
A A 2. U1, REN+Mt+1 R,R+N+M+1, 1
Ipen+m+l Y1r Yor woer Yii X Poeeer Xy y=x7]
G 3 5, Lo RENHNAR x ReRENHMEN, W
gR+N+M+W YII sz I 2 ykl 7 e e y T
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These state that the output of any process depends on the
variable inputs used and any intermediate outputs that are used
by the process. The functional forms of 3.25 will be dictated
by the state of technology and the stéck of fixed factors.
These expressions will not initially be built explicitly into
the model of profit maximization. They are what might be
called side relations in the sense that they state the paths

via which the fixed factors are used.
The Mathematics of Profit Maximization

It was previously stated@ that a nonlinear programming
approach would be most fruitful in determining profit max-
imizing conditions for a multiproduct firm. To an economist,
the important question is what will be the characteristics of
an optimal output scheme when it is found. These character-
istics are summarized in é group of conditicns known
collectively as the Kuhn-Tucker Theorem.

The Kuhn-Tucker Theorem is a mathematical tool for
describing optimality conditions of functions constrained by
equalities and inequalities, rather than just egualities as
classical constrained optimization requires. The following
represents a full generalization of the nonlinear programming
approach to the maximizing process in the static sense.
Consider the following problem: Find extreme values of a

function
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w(el, €os eenr en) (3.26)

where the variables are constrained by inequalities of the

following form:

ej(;l, €ys ooy €) 20 (3.27)

j=l, 2, no-,J

€11 €57 eces E represent variables under control of the

maximizing unit. For a maximization problem, it is necessary

to assume that the objective function 3.26 and the constraints

3.27 are concave and differentiable.l

The first step in obtaining optimality conditions entails

formulating the Lagrangian function:

J
L(si, kj) = w(ei) + .E Ajej(ei) (3.28)
j=1
for
€; >0 i=1, 2, ..., n
kj >0 =1, 2, eea, J

To insure the existence of a constrained maximum at
[ [
€; and A., it 1s necessary and sufficient that a saddle point
exists at the extreme value. To insure the existence of a

lOptimality conditions have been worked out under less
restrictive assumptions concerning concavity. See, for
example, (3).
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saddle point, it is necessary and sufficient that the following

conditions hold:1

AL <0 (3.29)
a€i °_
€5=€;
i = l’ 2' .'.’ n
aei ° i
€ .=€
1
i = l' 2' .." n
=]
3.31)
e; 20 (
i = 1' 2' e e o n
.g.L_I > 0 (3.32)
I a.=a
J
j =1, 2, eeas J
oL I - (3.33)
A=A
J
i =1, 2, ¢ee, J
x; >0 (3.34)

j=l' 2' .oo'J

1. asas . .

These conditions are expressed in several forms in the
literature. The statement of them given here comes from (23,
p. 151).



Turning to the problem at hand, the firm's problem is to
maximize profit, where in the first instance this maximization
is constrained by the availability of fixed factors.

Formally, the firm's problem is to maximize

N
-— n A ~ A -
T = nil Pn¥q [(Fy + Fy) + V(¥ys Yor «ver Yg) + SW(y ;)]
(3.35)
subject to
Ry (Yq77 Yygr covr Yig) S ¥
hz(yzl: yer oo oy YZK) _<_Y2 (3-36)

hS (ysl r YSZ 7 *e* 7 YSK) —_ YS

The first step towards obtaining optimality conditions 1is
to put expressions 3.35 and 3.36 into a Lagrangian framework
like 3.38. Before this can be done, however, it is necessary
to alter several of them in order to take account of certain
economic phenomena.

The cost of switching function, 3.19, gives rise to

several problems. Recall that Bfw is assumed positive and

aysi

that it represents the cost of allocating some of fixed factor

. i . . ,
s to the process whose output is x~. This cost 1s an ex ante
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cost incurred by the firm in the sense that prior to actual
production, a decision must be made as to how the fixed factors
will be used. In other words, before production even starts
this switching cost is incurred as the fixed factors are
allocated to each process in an amount that seems adequate for
the anticipated output of that particular process. This means

that switching costs are not directly dependent on the rate of

output from a given process:

sW _ (3.37)

axl

The switching costs are characterized by what is
frequently called "lumpiness" -- they do not change smoothly
but instead occur at intervals and in lump sums. If the
initial estimate of the amount of a fixed factor required for
a process is correct, no more switching costs are incurred by
switching that particular factor to the process in gquestion.
If the initial allocation proves insufficient, once again a
switching cost must be incurred as more of the fixed factor is
diverted to that process (assuming, of course, that some is
still available).

In order to handle these problems that arise with
switching costs, the SW(§Si) function will be subsumed into the

discretionary fixed cost group, FZ' Strictly speaking, they
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aren't discretionary fixed costs because their level will
depend to some degree on output variation. However, putting
them into F, does not damage to the model and essentially
simplifies the bookkeeping.

The way in which V(§l, §2, ceey §K) changes in response
to output changes requires some amplification. Changes in this
function occur because the firm employs different amounts of

the variable inputs:

=22 + a, + ...+ g (3.38)
oY) %, 0¥y

However, these changes in variable input use are caused
by changes in the quantities of sold outputs and changes in the
levels of nonprice offer variations. The total change in cost
associated with changing the level of production of the nth

sold output is equal to:

5y 3y 3y
avn=aY i+3\1 ;21++3_Y___§ (3.39)
axq Byl qu Y, qu BYK qu

Because of the interdependencies that exist with respect

to sales, all prices affect the sales of any given sold output.

n -
X

P;

8

If the price of the ith sold output changes, a term exists

Q)|

which need not equal zero. This adds another dimension to how

th th

costs change. Taking the n and i goods as representative,
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we obtain the following result:

n ~ n ~ n
3V 8397= 8y Byl qu N N v ByK qu (3. 40)
3x® i 5y, ax® %P1 a9 ax® %P )
q 1 g K "q

3.40 holds true for all n goods sold. Since we are
interested in the change in variable costs caused by a change

. . A% cL s . .
in price, 3p.’ it is necessary to sum expressions similar to
i

3.40 over all N goods. This gives rise to

N K 3y, ax>
ovV_ _ 5 s A k g

Pi  n=1 k=1 oy, o 9P;

Finally, from an interpretative standpoint the
V(§l, §2' ceey §K) function is to be considered net of costs
incurred producing the kg's. We are maximizing profit over
sold output. Thus we want only those costs that result from
those sold outputs, nonprice offer variations, or true inter-
mediate products.

Care must also be taken in interpreting the constraints
relating to the availability of the fixed factors, 3.36. The
lumpiness discussed earlier relates to the allocation of fixed
factors, not their utilization once allocated. The costs
associated with switching fixed factors don't directly depend
on the outputs of the processes. However, utilization of

fixed factors does depend on outputs, and hence on the flows
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of variable inputs. Because of this,

3hs
> 0 (3.42)

N

aysk

if variable factor k passes through the sth fixed factor.

Also, the amount of a fixed factor available, §s, is to be
considered net of the amounts used in producing the x?'s. This
i1s so because of the maximization of profit is over sold out-

puts at time t. We are interested in the first instance in

T

*s. How

W H

determining optimal levels of the xg's, xg's, and x
the firm determinres the x?'s is a different type of problem
which will be discussed later.

Given the previous remarks, it is now possible to proceed
to the Kuhn-Tucker conditions for profit maximization. The
relevant decision variables for the firm are those which affect
its offer. It will be this set of variables which the firm
will adjust in order to maximize profit. In the case at handg,
these are the prices of all sold outputs and the levels of the
variable nonprice offer variations.

Rewriting the problem after incorporating the change in
the cost function, one obtains:

N

n A A A
T = nEl Pn¥g ~ [(F; + F,) + V(Y Ypr wees ¥)1 (3.43)



52
subject to
hl (y1l’ le 14 LA 4 YlK) i Yl

hz(Yle Y22; LI 4 YZK) i YZ
'3 (3.44)

hS(YSlI Yszl AR 4 YSK) f_YS

P, 2 0 (3.45)

n=l, 2' ...’N

xt >0 (3.46)
i=1, 2, ¢.., RN+M+W

Upon setting up the Lagrangian function corresponding to

3.28, the following equation results:

N

Lip_, x%, A.) = £ p x5

_ r A A A
I Pa¥q L(Fl + Fz) + V(yl, Yor eeer yK)]

+
S

Il

The derivation of conditions corresponding to 3.29 to

3.34 results in the following conditions which must be

[}
[+ o
satisfied at P; s 2ma’ and ks in order to insure a constrained
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[}
Pi=Pj
i = l, 2’ LI 4 N
o
p; >0 (3.50)
i=1, 2, ... N
x” N K 3y, oxD
g_ 5 5 3 “x g
m _ _ ~ n m
axa n=1 k=1 Byk o9x Bxa
59 s K oh_ oy
V"R 3 oA oz S sk .0 (3.51)
5y, axn  s=1 ° k=1 3y_, ox.
k a sk
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oL m
T *x, =0 (3.52)
axg o’ a
a “a
m = l’ 2’ ® oo 7 M
o
X2 > 0 (3.53)
m = l' 2’ ® e o g M
3L - - . A ~ A
EY W S ¥ T g WWggr Yoor ceer Yog) 20 (3.54)
s —
As_}\s
s =1, 2, ¢ee,s S
3L ° _
A . Ag = (3.55)
AS=AS
s=1, 2, «..; S
©
Ag 20 (3.56)
s=1, 2, «.., S

Expressions 3.48 to 3.56 represent the conditions that

must be satisfied in order for a multiproduct firm to maximize
profit. However, these conditions haven't addressed themselves
to another problem that arises, and by solving that problem
perhaps the results from 3.48 to 3.56 can be improved upon.

Before this problem is dealt with, an economic interpretation

of the profit maximization conditions will be discussed.



55

Consider first the nonnegativity restriction orn prices:

P; >0 (3.57)

i=1, 2, ..., N

This stipulates that the prices which the firm charges
must be positive or zero. A question of interpretation arises
with respect to the meaning of a zero price. If some output
has a zero price, that particular item will be considered a
nonprice offer variation. If price is zero, the only remaining
decision with respect to the output is the level of utilization.
Because of this, a zero price will be taken as a signal to
handle the item as an xg.

This results in a restriction that prices charged by the
firm have to be positive. It is well to recall that the pn's
are associated with sold outputs. Prior to the profit maximiza-
tion problem at hand, the firm must make a decision as to what
it is going to sell, i.e., exactly what is contained in the set

of x
g

s. It seems reasonable to assume that a firm will only
choose items to include in its product line which can be sold
at positive prices (This borders on a tautological argument.
Selling probably implies a positive price. Otherwise, the firm
is giving something away.).

Expression 3.48 represents the condition that must hold

th

if a multiproduct firm has set the price cf the i sold output

at the profit maximizing level. It should be noted that the
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inequality can be done away with and that the strict equality

must hold. This is +rue because expression 3.49 requires that

either %%T . or p; is equal to zero. Since p; ie strictly
“lp;y=p; |
positive, it must follow that %%I . is zero.
P;=P;

A rearrangement of 3.48 makes it more amenable to economic
interpretation. Taking the Nth good as representative, putting
3.48 into the profit margin framework of the Scitovsky4Holdren

model results in:l

A N ~ n
K v ayk axq _ N N~-1 E 4y ayk qu
Py =~ . L == N| 3p. g o L A n| op
k=1 ayk qu N =1 k=1 ayk axq N
S K dh a§sk 3%
+ I As z = N5 (3.58)
s=1 k=1 Bysk oxq N
N
ox £h
359 represents the change in the amount of the N

=

product sold as a result of changing its price. Division of
3.58 by this term leaves the expression by itself on the left
side and puts the right side on a per unit basis. This

operation results in

lSee pp. 11-18.
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N _ ' ~ n N
g 3V 3yk ~ N 9x N-1 K gy Byk Ix ox
N1, e By ne1 | TP kel 55, %8| Py/ OBy
k “%q " Yk g
s K dh_ oy
+ I A 3 > 5K (3.59)
s=1 k=1 Bysk qu
3.59 can be 1interpreted term by term from an economics
. . P
standpoint. On the left side of the eguality, £ -—— —X
k=1 Syk qu
represents the total change in variable costs directly
attributable to selling an additional unit of the Nth product.
th

Py Trepresents the price being charged per unit sold of the N
product. The difference between these two is the profit margin

on the Nth

good, i.e., the amount each unit sold contributes
to firm profitability.

The right side of 3.59 represents several costs that are
incurred by the firm as a result of changing Py* The first
two terms combined represent the multiproduct price offer
variation cost. It represents what might be called external
costs incurred by the firm as a result of changing Py These
are external because they reflect how a change in Py affects
the levels of all other sold outputs and their profit margins.

The next term is an additional cost that arises because

of a change in Py- It represents what might be called an

internal cost because it relates directly to the utilization
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) S
of resources within the firm. z —;i—
k=1 oy

tells how the

sk 3xq

utilization of fixed factor s changes because of different
employment rates of variable inputs, where the variable input

. N .
changes are necessitated because Xy changed. It is some number

representing physical units. ks is the Lagrangian multiplier

and can be interpreted as the imputed dollar value of a unit

of fixed factor s.l

\ g 3h, 87
S k=1 3y

is then the dollar value of any change

sk qu

in the utilization of fixed factor s caused by changing xg.
Summing over all s fixed factors gives the change in the value
of these factors that results from changing xg.

In words, 3.59 states

price offer change in utilization

variation cost of fixed factors

Multiprdduct Imputed value of the
Profit Margin = +

For the profit maximizing adjustment of Py’ the profit margin

h

on the Nt good should contribute just enough to offset the

lKantorovich calls these multipliers "objectively deter-
mined valuations" which is a very meaningful title. They are
objectively determined in the sense that the values which they
take on depend on the initial endowments and constraints and
result from the mathematics. They are valuations in the sense
that they "permit a numerical valuation of the scarcity of the
conditions of production, the scarcity of resources, restric-
tions of equipment, and the strain of the programme" (25,
p. viii).
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total increase in cost of selling an additional unit.
Additional insight can be gained into the profit maxi-
mizing adjustment of price by a different arrangement of 3.59.

The terms could be collected in the following manner:

N ~ N ~ n
oxX N _ K v Byk axq N-1 K 3V ayk axq
Py 3p * *q = z N Sp., P, ~ 2 ~ n{ 9
N k=1 9y, 3% N n=1 k=1 9y, 9x Py
S K oh_ 9y, 9%
+ I Az =-S5k 5 (3.60)
s=1 k=1 aysk ox N
Consider the term on the left side of 3.60
8"N : P axN
Py w2 + Xy = xy |1+ ——Z (3.61)
N op q a N
N xq BpN

In order to give meaning to the right hand side of 3.61,
suppose a single product monopolist exists. Since we are
considering quantity sold to be a function of price, let the

monopolist's demand curve be written as

g = f(p) (3.62)

Total revenue is then equai to

T.R. = p * g (3.63)
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Marginal revenue with respect to price, or how much

revenue changes in response to a price change, is equal to

d(T.R.) _dp * q _ . dg _ [ d
= TPt =pgta=g 1+§—d§ (3.64)

It can be seen that the last expression in 3.64 is equal
to the last expression in 3.61, and that both equal marginal
revenue. In light of this, the condition for profit maximiza-
tion can be interpreted as requiring equality between marginal
revenue, but in this case the marginal revenue of a price
change, and a comprehensive marginal cost figure. Profit
maximization requires that what a price change adds to revenue
just equals what that price change adds to costs, where costs
here include variable costs, price offer variation costs, and
the costs of different utilization rates of the fixed factors.

3.51 expresses the condition for the profit maximizing

adjustment of a nonprice offer variation. Consider optimal

th

adjustment of xz with respect to the N good. Casting the

expression into a profit margin framework, one obtains

~ N ~ A n
K v ayk axq K 3V Byk N-1 K v Byk axq
Py - I X m m = L= m - Z|Pn~ I = n|..m
k=1 Byk Bxa axa k=1 Byk axa n=1 k=1 ayk qu Bxa
S K oh_ oy
+ 2 oA, 3 sk (3.65)
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Upon putting this on a per unit basis with respect to the

Nth good, the following expression results:
R ooy BYk_Nglp o X av | g
~ ~ _ n - N n m
o - ? AV ayk g k=1 ayk oxX =1 k=1 ayk BXq Qxa
N ‘A - N
k=1 ayk X X
m
X
_ a _
s K oh_ oy
Do, 5 —= —SK
s=1 k=1 3 k X
+ S a (3.66)
N
oxX
—S
9x"
_ a _

3.66 states the relationship that should exist between the

th

amount that a unit of the N good contributes to profit and

the effect of this unit on costs after optimal adjustment of

the mth nonprice offer variation.

th good.

The left side of 3.66 is the profit margin on the N
The first term on the right is the multiproduct nonprice offer
variation cost from the Scitovsky-Holdren model. The second

term on the right is also a cost of production--the cost of

K Bhs aysk
using fixed factors. z — - represents the total
k=1 aysk axa

change in the utilization of fixed factor s because more

N s . . - B m .
variable inputs were hired in response to changing Xye AS is
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the objectively determined valuation of an additional unit of
fixed factor s. The dollar value of the change in the level of

employment of fixed factox s resulting from changing xg can

K dhg a§sk
therefore be represented by As z — ! and the sum over
k=1 Sysk axa

all s is the total valuation of any change in fixed factor

.
Bxh

s . . m e s .
utilization caused by changing X, Division by o once again

Bxa
puts this on a per unit basis.

In total, 3.66 says that in order to utilize xg in the
profit maximizing manner, the firm should employ it to where
that aspect of the firm's offer causes the profit margin on the
Nth good to just exactly cover costs incurred by producing and
selling the last item of the Nth good. In other words, what
xz adds to net revenue {(profit) for any good is just offset by
the additional cost of using xg. The strict equality must hold
in 3.66 in order to use xz.

If the inequality were to hold, what xg adds to cost
exceeds its profit contribution with respect to the Nth good.
This fact, in conjunction with 3.52, requires that xg not be
used and 3.53 permits a zero value for any xg.

The remaining conditions, 3.54, 3.55, and 3.56 all relate

to the utilization of the fixed factors. Rearrangement of

3.54 results in
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hs(ysl’ YSZ’ ceey ySK) < }75 (3.54a)

which is simply the earlier condition that utilization of any
fixed factor cannot exceed its availability. If the strict
inequality holds in 3.54a, then A; = 0 because of 3.55. Since
Ag is the value of an additional unit of fixed factor s,vA; =0
in such a case because there is already a surplus amount of
factor s and additional units are unneeded and add nothing to
the value of the firm. Finally, the imputed value of an
additional unit of any fixed factor is restricted to be non-
negative.

Expressions 3.59 and 3.66 are analogous to the equations
of the Holdren model, 2.13 and 2.14. The additional temrm
relating to the fixed factors is missing from the earlier
equations because it was assumed in that model that no fixed
factors were being used to capacity. This case is handled in
3.59 and 3.66 because if no fixed factors are being completely
used, all As would equal zero, and then the equations would
almost be identical.

They aren't identical because of the problem that was
alluded to earlier. Conditions 3.48 to 3.56 give rise to
conditions for the profit maximizing levels of prices and non-

price offer variations. Corresponding to these will be levels

of outputs from all types of processes: final sold products,
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intermediate products, and nonsold outputs. Associated with
these levels of outputs are costs. In Equations 2.13 and 2.14
the C-function of total cost was assumed to represent the least
cost method of production of each level of output. We have not
shown that the wvalue which V(§l, §2, ey §K) takes on in 3.59
or 3.64 represents the least cost method of production for the
output levels of all processes which result from selecting the
appropriate values of Pn and xg. To get this minimum cost, we
can go back and make use of the side relations, 3.25, which are
the statements of the technical relationships of the prccesses.
The output of each process has been fixed at some level, xio,
which corresponds to optimal adjustment of all prices and non-
price offer variations. The firm now tries to minimize cost

subject to the requirement that the outputs of processes are at

these levels. Formally the problem is to minimize

V(yl, Yor eeer yK) - (3.67)
subject to
(A A A . x21 X3l le) _ Xlo
gl Yll YZ’ e oo g YK: y] y r’ e s oy y

-]

5 ~ 2 12 32 R2 2
9o (¥yr Yor ceer Ygi X5 X7, oeny X7) = X (3.68)
. _ .
5 . yLlrRN+M (R RINHM,) _ RN+M

gR+N+M(yl' YZI ceey YK; v 7y eeeyg v
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This problem can be handled in the classical constrained
optimization framework. The Lagrangian function would be
. A N R+N+M .o . "
L(ypr u) = VY3, Yor =eer Yg) ¥ jil uj[Xj - gj(yk; ij)]
(3.69)

First order conditions for the least cost combination of inputs

requires that

R+N+M Bg.
3L & Ty a2 =0 (3.70)
ayk Byk j=1 ayk

Rearrangement of 3.70 results in

R+N+M °g.
v _ 5 a. —L
1 5%

8y, 3=l g8

(3.71)

v represents the change in cost that occurs because an

ayk
n 9g..
additional unit of Yy is purchased. —;l is the marginal
Ay
k

product of the jth process with respect to the kth input. uj
is the Lagrangian multiplier and can be interpreted as the

dollar value of an additional unit of output of the jth process.



66

R+N+M °g.
The sum Z uj -71 is thus the total value of additional
j=1 3y
output from all processes which results from employing more §k'
For the least cost combination of inputs, 3.71 says that an

input should be hired to where what it adds to cost just equals

what i1t adds to the value of output.
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CHAPTER IV. APPLICATIONS OF THE MULTIPRODUCT

MODEL AND COMMENTS ON INTERPRETATION

The first part of this chapter discusses several ways of
using this model in gaining insight into a firm's short run
decisions. The distinguishing characteristic of this short
run is its immediacy. In this short run the concern of the
firm is what it must do in order to sell something. It must
make decisions affecting its offer. This discussion is by no
means exhaustive. The model is very general and by appropri-
ately defining the variables one can make it applicable to a
wide array of situations. The chapter ends by reiterating

exactly what the objective of the model is.
Applications of the Model

Any change that a firm makes in its offer may affect both
revenues and costs. The effects on revenues will include such
things as the changes in the levels of sales of products,
widths of profit margins, and the levels of nonprice offer
variations. The effects on costs relate to such things as
utilization rates of fixed factors, output rates of processes,
and the choice of processes actually used. These costs arise
from changes in the employment levels of the variable factors
and their allocation within the firm.

Consider first the effects on sales levels and profit

margins of some change in the firm's offer. Assume the firm
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sells N products and that each product has its own downward
sloping sales function:

1_ .1 .
xq - Xq(Plr le LA 4 PNI A)

(4.1)

- N .
q " xq(pl, Por eeer Pyi a)

where

i
X
—'q‘ap. <0 (4.2)
i
i= l' 2' ¢ e 0o g N

and A represents the vector of nonprice offer variations.

To simplify the discussion of costs, consider a surrogate

total cost function

T.C. = C(xé, xé, ooy xg; a) (4. 3)

which expresses costs simply as a function of the levels of

final outputs.

Profit is the difference between total revenue and total

cost and can be represented as

N
n 1 2 N
T = Z X - C(x X ceey, X ; A 4.4
Concentrating on the profit maximizing adjustment of

prices, first order conditinns require that
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an N Bxi N Bxl
n n 9 =1 P;  i=1 sx* %Pn

for all prices. Note that this is forced to equal zero because
of the previous stipulation that prices must be positive.
Using good N as representative, putting 4.5 into the

profit margin format results in

N n N
Py ~ C_ = &N Efg - Nzl P, -~ 3¢ axq axq (4.6)
N axg af Py =3 |TR axg 9y /[ %Py

an

By looking at 4.6 one can see that the signs of 3—9 are

T

going to have a substantial influence on the profit margin of
the Nth good. Other goods sold by the firm can be ignored
only if good N is independent of all other sold outputs. If

this were true, then

@
»
o}

-

(4.7)

)
'O
Z

n= l’ 2' e e oy N—l

and the firm could adjust Py oblivious of the effect good N

has on the sales levels of the other goods.
n
X

However, if the D terms are nonzero, these other

(o 7]

]

products must be considered. If the relationship of good N
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with the other goods is one that is dominantly substitution,

xn

Py

r

which are positive will on balance influence the

Q

then the

second term on the right side of 4.6. This fact makes the
right side largér (It is assumed that the weighted profit
margin term is positive for each good.), implying that the
firm should adjust Py towards a relatively high profit margin.
From an intuitive standpoint as to what the firm should
do, this makes sense. If a firm sells products which are
substitutes, the fact that a customer buys one of those
products precludes his buying another. Thus if the firm is
going to make a sale, it should try to make that one sale as

profitable as possible.

Alternatively, if good N is. dominantly complementary with

axn

all other goods that this firm sells, then those 55?- which
are negative will be the governing influence in the second term.
This makes the second term on the right side of 4.6 positive,
and when this is subtracted from the positive first term, it
reduces the profit margin on good N.

Once again, from an intuitive standpoint this makes cense.
If all of the sold outputs are dominantly complements, they are
related in sales and/or use. If the firm can sell good N to a

particular customer, perhaps the customer will also buy items

to use with good N. It might benefit the firm to aim for a
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smaller profit margin on good N because this small margin will
be more than compensated for by selling additional items.

The above interpretation has some interesting implications
if the goods represent sales at different points in time
instead of different products. Suppose the firm submits bids
for various contracts. If it is thought that several contracts
might be forthcoming over time, the firm could consider such
contracts complementary goods, because if it performs well on
one contract it might have an advantage getting later orders.
In light of the results of the model, the firm might have an
incentive to aim for a relatively small profit margin on the
first contract in anticipation of additional profits later.

From a buyer's standpoint, this also gives rise to a
strategy for making purchases. Even if the buyer knows that
he will only need to purchase some item once, it may be wise
to announce that this is only the first of potentially many
purchases. If suppliers believe this, their smaller profit
margins could leave the buyer much better oif.

The explicitness of the model can also be useful in
showing more rigorously some of the results from conventional
analysis of the firm. Suppose the firm is a monopolist selling
only one product, but that it sells this product in two d4dif-
ferent markets. The problem facing the firm is how to divide

its output between the two markets in such a manner as to

meximize profit.
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Let the output that is sold in the two markets be denoted

(4.8)

as xé and x2. The firm then faces a sales function in each
market:
1 _ .1 .
2 _ .2 .
xq = xq(pl, Pyi A)

Cost will be given as the sufrogate cost function:

1 2
T.C. = C , A
(xq, Xq )

(4.9)

DProfit is the difference between total revenue and total cost

and is given by.-

1 2 1 2
= X + - C ; A
T = P¥g T Pa¥y (xgqr X7 B)

(4.10)

First order conditions for profit maximization require that

1 2 1 2
ox 9x 9xX X
?— = pl -é_g <+ xl -+ p2 -éj - .ac_l g_ﬂ - .§.C_2_ g_q
Py Py q9 Py 3x* 9P1  5x® °P1
q ~oq

2 1 1 2

ox X 9x 9x

_gn___ =P o * X + By apg - acl qu - E)Cz D
Py Py q 2 ax; P2 ax P2

Putting these into the marginal revenue-marginal

framework of 3.60, one obtains:

=0

0
(4.11)
cost



1 1 2
p .a_i<ﬂ -+ Xl = ai Ecﬂ <+ p - éc_ ax
1 apl q Bxl ap1 2 8x2 P
q g
(4.12)
2 2 1
Py  d px% %P I axt] P
q d
The left sides of these expressions are the marginal
revenues with respect to price of good one and good two,
sc 3% e .
respectively. —T 5—9 and — 5—9 are the marginal cost of
i P1 3% Py

additional units of these gocds. Since the goods are identical
in production and only distinguishable because they are sold in

different markets, these marginal cost of production expressions

will be equal:

Bxl sz

acl - a _ 302 - 9 - wm.cC. (4.13)
ax- P11 ox% 9Py
g q

We can now show how crucial is an assumption made in this
analysis in order to get the standard result that the firm
should allocate output so that the marginal revenues in each
market are equal to each other, and that these are equal to
marginal cost. 1In order to practice this type of price
discrimination, it is necessary to isolate the markets. This
means that the seller must keep the customers separate so that

arbitrage cannot take place. If he is capable of doing this,
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then
1 2
g %y
3p2 = 3p1 = 0 (4.14)

and the last term on the right sides of the expressions in 4.12
disappear. A simple collection of terms then gets the familiar

result:

M.R.l = M.R.2 = M.C. - (4.15)

On the production side, the interdependencies that are of
interest can be explicitly dealt with. The partial derivatives

oh dh
—2 and —= are to be viewed in a comprehensive nature. The

ox" 3%

q a
rate of utilization of fixed factor s will of course change
because xg changés, but the change in xg_could also affect the
output levels of all processes. These changes will alsc affect
the utilization of factor s. The same chain of events must be
kept in mind when some xz is changed. This change could again
conceivably affect the output rates of all other processes, and
these changes will again affect the utilization of fixed factor s.

The model also recognizes the problem of process choice

and establishes criteria. For simplicity suppose the firm
consists of only one process, but that two different technol-
ogies, a and b, exist for accomplishing this process. Also

assume that the firm buys its inputs in perfectly competitive

markets.
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If the firm uses technology a, a condition for least cost

combination of inputs corresponding to 3.70 would be

v, = g —=2 (4.16)

where Vie is the price of input k.

If the firm uses technology b, the analogous relationship
would be

agb
=u — (4.17)

V.
k
ayk

Putting 4.16 and 4.17 together, the following relation
must hold if the firm is using two (or more) different pro-

cedures to carry out a given process:

g 9g.
u, =2 = u —2 (4.18)
a
Byk ayk

This states that what an input adds to the wvalue of output
in one technology should equal what that input adds to the wvalue
of output if it is used in another technology. If the eguality
did not hold, units of the input should be transferred from the
technology with the smaller value to ‘the technology with the

larger value.
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This wvaluation of processes has some usefulness when one
starts talking about acquisition criteria when a firm is con-
sidering growth or expansion. Any given firm is a collection
of processes and any firm that is a take-over target is also a
collection of processes. By being able to assign value to the
outputs of thé various processes, the firm is capable of
evaluating different combinations of processes, where the
processes come from either firm or are new processes which
result from the combining of the two firms' assets.

This simplified firm with a small number of products and
processes can also be used to show more lucidly the interpreta-
tion of the Lagrangian multipliers, As and W, . Suppose that
the firm sells two products, xé and xé, and that the firm is

composed of three processes. Profit maximizing adjustment of

P results in

- 1 A 2 1
o - Soav e o [%g o - X oav | %% [o%g
1 x=1 39, axt q/ opy 2 =1 39, ax2| %P1/ °P;
k o} k
S K dh_ 9y
oz oo, I = =K (4.19)
s=1 k=1 eysk qu
sz
If we assume the two prcducts are independent, 559 is zero,
1

and 4.19 reduces to
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A l A
_ K 3V ayk _ 9x S K Bhs Bysk
pl z 1~ X -—-g'a + Z AS z Y T (4.20)
k=1 3y, 3x af °P1  g=1 k=1 3y, dx

The left side of 4.20 is the profit margin on good one.
The first term on the right is the price offer variation cost.
The second term is the imputed value of the fixed factors. 1If
no fixed factor; are being used to capacity, then all ks are
zero and this term vanishes. However, as soon as some fixed
factor is used to capacity, additional units of this factor
would have value. This means that the X associated with this
factor, which we stated represents the value of additional
units of the factor, becomes positive. When this happens, the
profit margin must cover not only price offer variation cost
but also must pay for the use of the fixed factor. This is
true because if a fixed factor is being used to capacity, the
use of some of it for good one may limit the amount that is -
available for use in good two. Thus an opportunity cost of
using the factor arises which must be recovered. The positive
value of the A reflects this cost.

The small number of processes also permits interpretation

of the ui's. Recall that least cost production requires that

R+N+M 3g.

NV -y o 2 (4.21)
3y T -
k k
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Suppose that input k is used only in good one, and that

good one requires only process one. 4.21 becomes

ag
= u, —% (4.22)

V. _
- 1 .~
ayk

3Yy
Since only one process is used, this situation is
analogous to models of the firm that postulate the firm
possesses a production function. 4.22 exactly parallels the
result from these models that the least cost production of a
given level of output requires that an input be used to where
the amount it adds to cost is equal to the value of its

marginal product. Isolating u,, one obtains

3g
LAy e uy (4.23)
oy Yy

This ratio is the dollar value per unit of output of process
one. This corresponds entirely with our earlier interpretation

of the ui's.

Comments on Interpretation

The model was constructed so that the goal of the firm was
to maximize profit at some arbitrary point in time. As such
it represents part of the overall problem facing the firm: the
maximizing of profit cver time, fj 7 dt. In order to maximize

{o=)
L T dt, it is necessary to maximize profit at every time t.
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The model developed in Chapter III does exactiy that for an
arbitrary t. Since we can solve the modél for any t, we can do
it for every t. Thus the results of the problem in Chapter III
represent a necessary point on the path of profit that maxi-
mizes {w m dt.

This maximization of profit over time represents a control
problem. In the generalized control problem, attention is
centered on some real or hypothetical system. In the case at
hand, that system is the firm. The problem is that.of opti-
mizing the behavior of the system through time by choosing the
time paths of certain variables called control wvariables. This
represents a powerful approach. It forces us to realize that
we can't have a simple one period maximization. One period
can't be looked at in isolation because what has transpired in
previcus pericds affects the current period and the current
period affects future periods. Related to this is the fact
that it forces upon us more clearly the distinction between
those entities which we treat as variables and those entities
which we treat as parameters at any given decision point.

At time t, the driving force is the maximization of profit
over sold output. The variables are those things which affect
the firm's offer: prices and nonprice offer variations. In
response to these variables, we will get output levels of solid
products and intermediate products. This represents the

minimum set of decisions the firm must make in order to
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maximize profit. The levels of prices and some nonprice offer
variations represent the unavoidable, initial decisions made
at time t.

Parameters at time t are those other entities over which
the firm has either no control or whose values are not arrived
at via the profit maximization at time t route. As an example
of the former, the firm has no control over the stock of fixed
factors it inherits from previous periods. For an example of
the latter, the levels of the x¥'s are not determined by the
profit maximizing conditions in Chapter III. Included in this
would be investment and research and development activities
whose costs and benefits may not be measurable at time t, and
also some nonprice offer variation type activities whose levels
are not alterable at time t (i.e., a long term television
contract). These x¥'s are variables in the overall problem
but at time t they are parameters, fixed at levels which the
firm takes as given. These levels are important to profit
maximization at time t because they affect the amounts of
resources available to the firm over which to maximize.

Getting back to relating our current problem to the con-
trol problem, we can describe the manner in which the firm
changes through time by specifying the time behavior of a
finite number of variables yl(t), ceoy yn(t). These are called
state variables. For the firm they might include capital stock,

assets, work force, technical expertise, reputation, etc.
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There also exists a set of control variables Vit Vor ceey Vor
These are such that if the time paths of the control variables
are specified, then the time variation of the state variables
is determined. Control variables for the firm in the short
run are prices and some nonprice offer variations. A control
is a vector valued function of time whose components are the
control variables.

To complete the problem, one needs a definition of the

effectiveness of control. Such a measure is provided by

t -
Iy, 31 = f L op(e, F08), S(t)) at (4.24)

%

where = above a letter denotes a vector.

The control problem is then that of choosing a control
é(t) from the set of allowable values for each t such that when
?(t) is determined and an initial value is given, the functional
4.24 is maximized or minimized. A control which satisfies these
conditions is called an optimal control.

For the firm under consideration, 4.24 would be the profit
function, where profit at any time depends on the values of the
state variables and the control variables. It is the choecsing
of the values of the control variables that is addressed in
Chapter III. At a point in time the firm chooses the levels of
prices and nonprice offer variations to maximize profit. By

doing this for every time t, the expression in 4.24 is
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maximized.l

We are still left with a few gaps in the model. In
particular, the choice of the set of the xg's and the set of
the xg'é has never been mentioned. Also, some of the x?'s
represent investment projects or other discrete activities, the
selection of which requires special handling. Prior to the
maximization of profit, the firm has to solve an integer
programming problem, the solution of which is a discrete number
of activities in which the firm should engage. The problem in
Chapter III solves for levels of utilization of processes, but
not for the exact array of processes. Integer programming is
needed because these activities come in indivisible units. A
partial product, a fraction of a nonprice offer variation, or
part of an investment project would be meaningless entities.

A final qualification of the model results from the fact
that we simply do not know enough about how business firms
behave in order to be sure that we are asking the right

questions. The profit maximization assumption may be more

lThis discussion of optimal control comes from (19, pp.
238-242). It is couched in continuous terms as was the
pioneering work by Pontryagin et al. (31). In solving such
problems the necessary conditions are referred to as the maximum
principle. In the case of a business firm, accounting pro-
cedures and other practicalities require a discrete analogue
and one has been derived (16). For a brief but good discussion
of optimal control applied to economics, see (11).

2 . . . . ey
For a discussion of situations where it is necessary to
use integer programming, see (6).
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heroic than it seems. It is questionable whethef the firm is
knowledgeable enough to maximize profit because it operates in
an atmosphere of so many unknowns. It may not know all of the
decision variables available to it, and even if it does it may
not know the effect of manipulating these decision variables.
These issues represent not so much limitations of the
model as gquestions still to be answered. As the model was
developed, it represents a general approach to optimization by
a multiproduct firm. Remaining problems arise not so much in
the fact that the questions aren't answered as in the fact they

aren't asked.
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